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Abstract

Topological interactions will generally occur in composite Higgs or Little Higgs theories, extra-

dimensional gauge theories in which A5 plays the role of a Higgs boson, and amongst the pNGB’s

of technicolor. This phenomena arises from the chiral and anomaly structure of the underlying

UV completion theory, and/or through chiral delocalization in higher dimensions. These effects

are described by a full Wess-Zumino-Witten term involving gauge fields and pNGB’s. We give a

general discussion of these interactions, some of which may have novel signatures at future colliders,

such as the LHC and ILC.
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I. INTRODUCTION

There is a fundamental topological distinction between an ordinary Higgs boson and a

composite [1] or Little Higgs boson [2]. The ordinary Higgs boson is described by a scalar

field taking values on a flat, unbounded manifold. The composite or Little Higgs boson, on

the other hand, is a (pseudo) Nambu-Goldstone boson (pNGB) of a spontaneously broken

chiral symmetry, the analog of a meson such as the kaon (we’ll henceforth refer to all such

composite Higgs bosons as Little Higgs bosons). It is described by a field that is confined to

a compact manifold, of “radius” 1/F . The Little Higgs is thus an angular variable and it can

be translated through 2πF circumnavigating the manifold. As a consequence, topologically

stable configurations can exist that are described by conserved topological currents. These

currents arise from the full effective action only if we include a new topological interaction,

known as the Wess-Zumino-Witten (WZW) term [3, 4]. This term is the low-energy effective

description of anomaly physics in terms of pNGB’s and gauge fields [5, 6, 7]. It unifies the

topological physics in a chiral Lagrangian, and describes new physical processes that are not

expected for the ordinary Higgs boson. It is tied to any particular UV completion model

through integer quantities such as the number of “techni-colors” of the constituent “techni-

quarks.” Thus, the new WZW interactions of Little Higgs bosons probe the underlying UV

completion theory, much like the π0 → γγ interaction probes QCD.

To motivate our discussion, we recall the typical interactions contained in the ungauged

Wess-Zumino [3] term of QCD,

∫

Tr(π̃dπ̃dπ̃dπ̃dπ̃) =

∫

d4x

[

5K†∂µπ∂νπ∂ρπ∂σK − 5
√

3η ∂µK
†∂νK∂ρK

†∂σK

−5
√

3η ∂µK
†∂νπ∂ρπ∂σK + . . .

]

ǫµνρσ

∝
∫

d4x ∂µπ
+∂νπ

−∂ρπ
0K†∂σKǫ

µνρσ + . . . . (1)

Witten [4] pointed out that this expression arises from a topological construction in D = 5.

It reflects the nontrivial homotopy group π5(SU(3)) = Z and its coefficient is subject to

quantization. In QCD the WZ term locks the parity of the pion to that of spacetime, and

it describes allowed strong interactions such as KK→ πππ, which are otherwise absent in a

pure kinetic-term chiral Lagrangian.

In Little Higgs models the Higgs field H is identified with an object like the kaon, H ∼ K.
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Upon electroweak gauging, we thus expect to have a nontrivial WZW term, and by analogy

to the QCD chiral Lagrangian, new interactions can arise involving gauge bosons and Little

Higgs bosons. In generic schemes we might expect novel interactions like:

∫

d4xW+
µ W

−
ν Z

0
ρH
†
i ∂σHjǫ

µνρσ + ..., (2)

with multiple Little Higgs bosons Hi.

The discussion of such topological interactions requires the full gauging of the Wess-

Zumino-Witten term. Witten originally initiated the program of brute force gauging of

the WZ term, which was developed by a number of subsequent authors [4, 8, 9, 10]. For

the cases where it is applicable, we will employ the most transparent of these, the form of

Kaymacalan, Rajeev and Schechter (KRS) [8]. The full WZW term of KRS can be seen

to descend from the Chern-Simons term and the Bardeen counterterm [7] in a compactified

pure Yang-Mills theory of flavor in D = 5 [11].

To retain intuition based on the familiar chiral Lagrangian of QCD, we first consider a

theory based on SU(3)L × SU(3)R × U(1)/SU(3) × U(1), gauging an SU(2) subgroup of

SU(3)L. This is a simplified version of technicolor. The isovector techni-pions are eaten to

become longitudinal W and Z bosons, and physical techni-kaons (∼ H) and a techni-eta

remain in the spectrum. The resulting WZW term indeed yields techni-kaon interactions of

the form ǫµνρσW+
µ W

−
ν Z

0
ρH
†∂σH .

We then turn to the simplest Little Higgs theories in which the techni-pions of the previous

example do not occur. This ensures that the W and Z bosons remain massless prior to

electroweak symmetry breaking. These are generic Kaplan-Schmaltz (KS) models [12]. They

can be obtained by two physically distinct approaches. First, we consider reducing the

SU(3)L×SU(3)R×U(1)/SU(3)×U(1) QCD-like scheme to an SU(3)×U(1)/SU(2)×U(1)

scheme by decoupling the isovector techni-pions. In particular, we can “eat and decouple”

the pions by introducing an SU(2) AR gauge field in a strong coupling limit. This converts

the usual unitary matrix chiral field into a nonlinear realization of SU(3) containing only the

isodoublet Higgs (kaon) and a singlet (eta). This construction enforces the correct gauge

transformation for a nonlinear realization, and dictates the proper form of the covariant

derivative. Nonlinear realizations afford an interesting point of departure for the construction

of Little Higgs models in general [13]. With the correct gauging established, we can then

directly use the KRS form to obtain the full WZW term for SU(3) × U(1)/SU(2) × U(1)
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Little Higgs models.

Alternatively, we may contemplate directly the topological structure of the KS models.

The pNGB’s for SU(3)×U(1)/SU(2)×U(1) are described by a complex triplet scalar field

Φ with Φ†Φ = constant. The fields thus live in a space that is topologically equivalent to the

five-dimensional unit sphere, denoted S5. The topological interactions reflect the obvious

but nontrivial homotopy group π5(S
5) = Z, and are described by the SU(3)×U(1)-invariant

form: [23]

ωABCDE = − i

8
Φ†∂[AΦ∂BΦ†∂CΦ∂DΦ†∂E]Φ , (3)

which corresponds to the surface area of S5 parameterized by NGB’s. Under a local gauge

transformation, δω is a total derivative in D = 5 and can thus be gauged in D = 4 to yield

the WZW term. We describe the intricate procedure of gauging this structure, and discuss

the interesting question of equivalence of the two approaches to the gauged topological action

for SU(3)×U(1)/SU(2)×U(1). We also touch on the related question of UV completions,

noting that the latter model can be viewed as arising from an underlying fermion theory in

which a triplet of techni-quarks ψL condenses with a singlet qR, while the previous model

arises from a condensate of two triplets of techni-quarks ψL and ψR with the pions eaten

and decoupled.

While we presently sketch how all of this works, the full details will be presented else-

where [13]. The above constructions provide a building block for many composite Higgs

scenarios. Gauging SU(2)×U(1) for a single complex triplet KS Φ field yields a simple and

intriguing model of a composite Higgs boson. Gauging SU(2) × U(1) for two (or more) Φi

fields yields a multi-Higgs doublet model, while gauging the full SU(3) × U(1) for two Φi

fields describes the Kaplan-Schmaltz Little Higgs model.

When the symmetry breaking pattern respects an internal parity operation the WZW

term takes a special form that is identical to that obtained in the QCD chiral Lagrangian.

This occurs, for example, in Little Higgs models with “T parity” [14]. As an application, we

describe the main results for an SU(5)/SO(5) Little Higgs model [15]. We point out that

the WZW term is odd under the internal parity, and describes interactions between a single

“T odd” particle and standard model particles.

The WZW term contains interactions that are quantized, subject to Adler-Bardeen non-

renormalization [16]. They are suppressed by factors of 1/F , with F ∼ 1 TeV for typical

Little Higgs models, and occur with loop-order coefficients commensurate with the under-
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lying anomalies. Thus, they may be hard to detect. Nonetheless, these interactions can

provide a powerful discriminant of underlying short-distance physics, and it is worth under-

standing what effects can occur and determining whether they are suited to discovery at the

next generation of colliders, the LHC and the ILC. Much of this phenomenology is beyond

the scope of the present paper, but will be developed elsewhere [13].

II. ILLUSTRATION BASED ON TECHNICOLOR

To illustrate the procedures used in this analysis, we first consider a chiral Lagrangian

based on a QCD-like strong gauge group SU(Nc), containing SU(3) flavor triplets of techni-

quarks, (ΨL,ΨR), transforming in the fundamental representation withNc colors. The strong

interaction results in a condensate 〈ψi
Lψ̄

j
R〉 ∼ F 3δij, leading to an SU(3)L × SU(3)R ×

U(1)/SU(3) × U(1) chiral Lagrangian described by the 3 × 3 unitary matrix field U ij ∼
ψi

Lψ̄
j
R. We parameterize the field as U = exp(2iπ̃/F ), where π̃ =

∑8
a=1 π

aλa/2 are Nambu-

Goldstone bosons, transforming bilinearly under SU(3)L × SU(3)R × U(1) as:

U → eiǫLUe−iǫR . (4)

We presently turn off the standard model U(1)Y coupling constant, although it is straightfor-

ward to include it. We thus gauge an SU(2) subgroup of SU(3)L, with covariant derivative:

DµU = ∂µU − iAµU , Aµ =





gW a
µ

σa

2
0

0 0



 . (5)

In general such “left-side” gauging is anomalous, but pure SU(2) gauging is always anomaly

free (we either ignore the discrete Witten anomaly presently, or choose Nc even).

The anomaly physics is contained in the gauged WZW term:

ΓWZW = Γ(U,A) . (6)

This can be obtained directly from the general form of Γ(U,AL, AR) in eq.(4.18) of KRS

[8] (see eq.(19) below), by setting AL = A and AR = 0, where we use form notation, e.g.,

A = Aµdx
µ, ABCD = ǫµνρσAµBνCρDσd

4x, and dA = 1
2
(∂µAν − ∂νAµ)dxµdxν . A chiral

current is defined as α = dUU † = (2i/F )dπ̃ + ... . Explicitly, we have:

Γ(U,A) = Γ0(U) +
Nc

48π2

∫

M4

Tr

[

Aα3 − i

2
(Aα)2 + i(dAA+ AdA)α + A3α

]

, (7)
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where M4 denotes four-dimensional spacetime (M5 below denotes a five-dimensional man-

ifold with spacetime as its boundary). We recall that Γ0(U) is defined as the surface term

of a globally chirally invariant operator in D = 5:

Γ0 = − iNc

240π2

∫

M5

Tr
(

α5
)

= − iNc

240π2

∫

d5x ǫABCDE Tr (αAαBαCαDαE) . (8)

Γ0 is not manifestly local in four dimensions, but since dTrα5 = Trα6 = 0, it can be written

as an expansion in mesons in D = 4. Under a left-handed chiral transformation, δU = iǫU ,

we have δα = idǫ+ i[ǫ, α]. Using α4 = dα3, it follows that Γ0 shifts by an exact differential,

a D = 5 surface term,

δΓ0 =
Nc

48π2

∫

M5

dTr
(

ǫα4
)

= − Nc

48π2

∫

M4

Tr
(

dǫ α3
)

. (9)

This shift is compensated by the D = 4 term in Γ(U,A) involving one gauge field. The

residual shift is cancelled by the term with two gauge fields, and so on, leading to eq.(7). [24]

An important comment is in order concerning gauge invariance. The full WZW term

of eq.(7) generates a vanishing anomaly in the gauged SU(2) subgroup, but nonvanishing

anomalies in the global currents, a = 4, ..., 8. That is, under δU = iǫU and δA = dǫ+ i[ǫ, A]

we have δΓ ∝ Tr[ǫ(dAdA − idA3/2)]. This is the left-right symmetric (or “consistent”)

form of the anomaly and it is not gauge covariant. It is always possible to add Bardeen’s

counterterm [7] to bring the anomaly into the “covariant” form, δΓ ∝ 3 Tr[ǫ(dA − iA2)2].

However, the coupling to NGB’s is unaffected by the Bardeen counterterm, which is a

function only of gauge fields. Expanding eq.(7) to leading order in NGB’s, we see that the

NGB’s participate in an interaction ∝ Tr[π̃(dAdA−idA3/2)]+... which takes the form of the

consistent anomaly, and is superficially non-gauge invariant. How, then, can we see that this

gives a bona-fide gauge invariant interaction? The resolution is that, with “left-side” gauging

of U , the gauge fields always acquire a mass. Since the SU(2) gauge anomalies vanish, we

are free to transform to unitary gauge to remove eaten NGB’s. The gauge fields can then be

expressed in the “Stueckelberg” form, A′ = V †(A+ id)V , where V is the transformation to

unitary gauge that removes the NGB’s from U . The Stueckelberg fields are gauge invariant.

The residual physical techni-mesons, expressed in the same gauge, couple to A′, and the

interaction takes the form Tr[π̃′(dA′dA′− idA′3/2)]+ ..., which is manifestly gauge invariant.

In summary, “left-side” gauging produces NGB’s coupled to the consistent anomaly which

is a gauge invariant functional of covariant Stueckelberg fields. [25]
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Let us examine some typical physical processes contained in eq.(7). A convenient choice

of SU(3) coordinates around U = 1 is:

U =





eiη/F
√

1 −HH†/F 2 Û H/F

−e−iη/FH†Û/F e−2iη/F
√

1 −H†H/F 2



 , (10)

where Û = exp(2iπ̂) is an SU(2) matrix containing the techni-pions, π̂ =
∑3

a=1 π̂
aσa/2, η

is a real phase and H is a complex iso-doublet (techni-kaon). Here HH† denotes a dyadic

product. Under an SU(2)L transformation, ǫL = diag(ǫ̂, 0) and ǫR = 0 in eq.(4), we have

H → eiǫ̂H , Û → eiǫ̂Û and η → η.

We presently focus attention on terms involving H through second order in 1/F . Thus

the chiral current becomes:

α =





−1
2F 2H

↔
d H† 1

F
dH

−1
F
dH† −1

2F 2H
† ↔d H



 , (11)

and we find the WZW interactions of eq.(6) take the form:

ΓWZW = − ig2Nc

192π2F 2

∫

d4x ǫµνρσ

(

Z0
µ∂νZ

0
ρ +W−

µ ∂νW
+
ρ +W+

µ ∂νW
−
ρ − 3i

2
gZ0

µW
+
ν W

−
ρ

)

×
(

H0
↔
∂σ H

0∗ +H+
↔
∂ σ H

−
)

+ . . . . (12)

The kinetic term allowed by SU(3)L × SU(3)R × U(1) invariance is F 2Tr|DµU |2. In this

“technicolor” scheme, the W and Z bosons eat the π̂ degrees of freedom, acquiring a com-

mon mass gF . We can transform to unitary gauge, Û → 1, leaving physical fields η and

H , and eq.(12) describes the anomalous interactions of these physical fields with the mas-

sive Stueckelberg W and Z gauge bosons. The WZW term for this technicolor scheme

contains the interesting physical processes e+e− → Z∗ → W+W−(H0H0∗ + H+H−) and

e+e− → Z∗ → Z0(H0H0∗ +H+H−), with amplitudes that count the number of underlying

techniquark colors, Nc.

Eq.(12) does not describe a Little Higgs theory, but we can deform this technicolor theory

to imitate a Little Higgs scheme by restricting the kinetic term to the form F 2 Tr |DµUP
′|2

with the projection matrix P ′ = diag(0, 0, 1). Doing so blocks the W and Z from acquir-

ing mass by projecting out their longitudinal coupling with the isovector techni-pions, but

unfortunately leaves the π̂ as nonpropagating auxiliary fields in the theory. We will see

subsequently that removing the unphysical techni-pions enforces that U transform as a non-

linear realization of SU(3). The problem for Little Higgs theories is therefore to construct
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the WZW term either by attacking directly and rederiving the full WZW action in terms of

a restricted manifold of NGB’s, or by adapting the above familiar form of the WZW term to

the case of U treated as a nonlinear realization. We turn to this issue in the next sections,

and derive the topological physics of bona-fide Little Higgs models.

III. WZW TERM FOR MODELS INVOLVING SU(3)/SU(2)

A set of “simple” Little Higgs models are based on SU(3)×U(1)/SU(2)×U(1), (or more

generally SU(n)×U(1)/SU(n−1)×U(1)). These were introduced by Kaplan and Schmaltz

(KS) [12] . We begin by considering “one half” of such an SU(3)/SU(2) Little Higgs model,

described by a single scalar field Φ which transforms as a triplet under SU(3).

We can view the KS model as arising from a UV completion scheme in which Φ is a bound

state φi ∼ ψi
Lq̄R, where ΨL is a flavor triplet and qR a singlet. The fermions transform in the

fundamental representation of a color group SU(Nc) and we assume that a (3, 1) condensate

forms with 〈ΨLq̄R〉 ∼ (0, 0, F 3)T . We have constructed such UV completions and will discuss

their full content elsewhere. The unbroken SU(2) × U(1) subgroup is anomaly free, with a

vector-like U(1) current ∝ ψ
3

Lγµψ
3
L + q̄RγµqR. This subgroup can thus be identified with the

electroweak gauge group of the standard model. We can obtain the topological interactions

by deriving the WZW term directly as a functional of Φ, which amounts to gauging the

sphere S5 defined by Φ†Φ = 1.

Alternatively, the KS model can be viewed as arising from a UV completion with an

SU(3)L × SU(3)R chiral structure, a (3, 3̄) condensate of the form U ∼ ψLψ̄R. The iso-

vector pions are removed by gauging on the right with a strongly coupled iso-vector gauge

field AR. AR eats the pions, and becomes a functional of H , η and the remaining gauge

fields AL, while U becomes a nonlinear realization with a modified covariant derivative. We

begin with the nonlinear realization.

A. Nonlinear Realization

For the low energy effective Kaplan-Schmalz theory we can write Φ = U × 〈Φ〉, where

〈Φ〉 is a constant vector, and U is a unitary matrix function of the five (or 2n + 1) NGB’s.
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A convenient choice of coordinates for 〈Φ〉 and U is

〈Φ〉 =











0

0

1











, U = exp





i

F





ηI2/
√

3 H

H† −2η/
√

3







 . (13)

H has the usual standard model quantum numbers of the Higgs, and η is a standard model

singlet. For simplicity, we will ignore the U(1) factor in the remainder of this section,

although it is straightforward to include it.

The critical element of this formalism is that U transforms as a nonlinear realization of

SU(3) [17]. That is,

U → eiǫUe−iǫ′ , (14)

where ǫ ∈ SU(3) and ǫ′ is a matrix function of ǫ and U , belonging to the unbroken SU(2)

subgroup, the upper left block with our choice of coordinates. Hence, while U contains

only the five degrees of freedom described by H and η, we can implement the full SU(3)

transformation, albeit nonlinearly.

The key challenge with nonlinear realizations is that the ordinary derivative, dU , is not

covariant under global transformations with constant ǫ, owing to the spacetime dependence

of ǫ′(ǫ, U(x)). We therefore need to construct a covariant derivative that involves the gauge

field AL and acts on U so that DU → eiǫDUe−iǫ′ . Such a covariant derivative can be written

as follows:

DU = dU−iALU+iUAR , AR = PU †(AL+id)UP− 1

n − 1
Tr

[

PU †(AL + id)UP
]

. (15)

AR is the projection of U †(AL + id)U onto the unbroken subgroup. Here we have defined

the projection matrix

P =











1

1

0











. (16)

Under the gauge transformation eq.(14), with

δAL = dǫ+ i[ǫ, AL], (17)

AR transforms as:

δAR = dǫ′ + i[ǫ′, AR] , (18)
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ensuring that DU is covariant.

The nonlinear realization eq.(14) embeds the NGB’s from SU(3) → SU(2) inside a larger

manifold corresponding to SU(3)L × SU(3)R → SU(3). We can describe the removal of the

extra pionic degrees of freedom in physical terms as follows. We begin by treating AL and

AR as independent gauge fields, where AL is a general SU(3) matrix field, and AR belongs to

the unbroken SU(2) subgroup. Correspondingly, the ǫ and ǫ′ in the transformation eq.(14)

are independent rotations. Now suppose that the AR kinetic term vanishes, corresponding

to very strong coupling, i.e., (−1/g2
R) TrFRµνF

µν
R → 0. AR then becomes an auxiliary

field with equation of motion determined by the SU(3)L × SU(3)R chiral-invariant kinetic

term, F 2 Tr |DµU |2. Noting that PARP = AR and Tr(AR) = 0, we obtain precisely the

locking condition eq.(15) as the solution for AR as a function of AL and U . This allows us

to “eat and decouple” the unwanted isovector NGB’s in U . Using the gauging of eq.(15)

and expanding the resulting kinetic term in powers of 1/F we see that (F 2/2)|DµU |2 →
|DµH|2 + (∂µη)

2 + . . . , and we are therefore dealing with a Little Higgs theory. Thus, in a

sense, a Little Higgs theory is just a technicolor theory with the usual chiral field U replaced

by a nonlinear realization.

For any chiral theory based on a unitary matrix U transfoming as U → eiǫUe−iǫ′ and

gauge fields AL and AR that likewise transform under ǫ and ǫ′ as in eqs.(17) and eq.(18),

the gauged WZW term is given explicitly by KRS eq.(4.18):

ΓWZW (U,AL, AR) = Γ0(U) +
N

48π2
Tr

∫

M4

{

(ALα
3 + ARβ

3) − i

2
[(ALα)2 − (ARβ)2]

+ i
[

(dALAL + ALdAL)α + (dARAR + ARdAR)β
]

+ (A3
Lα + A3

Rβ)

+ i(ALUARU
†α2 − ARU

†ALUβ
2) + i(dARdU

†ALU − dALdUARU
†)

]

− (dALAL + ALdAL)UARU
† + (dARAR + ARdAR)U †ALU

− i(ALUARU
†ALα + ARU

†ALUARβ) + i
[

A3
LUARU

† − A3
RU
†ALU − 1

2
(UARU

†AL)2
}

,

(19)

where N is an integer; e.g., in the QCD chiral Lagrangian, N = Nc = 3 is the number of

colors. Here α = dUU † and β = U †dU . The function Γ0(U) is given by eq.(8), which in four

dimensions reads

Γ0(U) =
2N

15π2F 5

∫

M4

Tr
[

π̃(dπ̃)4
]

+ ... . (20)

In the present case we need only substitute the representation of U given in eq.(13) and
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the locking of AR to AL and U given in eq.(15). We can then expand to a given order in

1/F to obtain the topological interactions of the mesons and gauge fields. We are presently

ignoring U(1) factors, and identify the unbroken SU(2) subgroup with electroweak gauge

interactions (we’ll also presently ignore the U(1)Y gauge subgroup):

AL =





W 0

0 0



 , (21)

where W = gW aσa/2. Defining

AR = AL +





ÂR 0

0 0



 , (22)

we find to second order in 1/F :

ÂR = − 1

2F 2

(

{W,HH†} −H†WH
)

+
i

2F 2

(

H
↔
d H

† +
1

2
H†

↔
d H

)

, (23)

and

α =





i√
3F
dη − 1

2F 2H
↔
d H† i

F

(

1 +
√

3i
2F
η
)

dH +
√

3
2F 2Hdη

i
F

(

1 −
√

3i
2F
η
)

dH† −
√

3
2F 2H

†dη − 2i√
3F
dη − 1

2F 2H
† ↔d H



 . (24)

Here A
↔
d B ≡ A

→
d B − A

←
d B. The expansion for β is given (to all orders in 1/F ) by

substituting H → −H and η → −η into −α.

The leading WZW interactions involving W and NGB’s appear at order 1/F :

ΓWZW =
−N

8π2
√

3F

∫

M4

ηTr(F 2
W ) + . . . , (25)

where FW = dW − iW 2. As the result of SU(2) matrix identities, no additional interactions

appear through order 1/F 2 from the action in eq.(19) involving just W and H . In more

general gauging with U(1)Y , and generalizations to multiple chiral fields Φi ∼ UiP
′ there

can occur in principle at this order other interesting operators such as H†FWHFY which

lead to processes such as e+e− → (γ∗, Z∗) → (h0, A0) + (Z, γ,W+W−) (A0 is a CP-odd

Higgs boson). There also appear operators at this order that are separately gauge-invariant

and chirally invariant:

ΓGI =

∫

M4

irTr(FLUFRU
†) =

∫

M4

−2ir

F 2
H†F 2

WH + . . . , (26)

11



with a coefficient r that is not quantized, and is sensitive to the details of the underlying UV

completion theory. Multi-Higgs topological interactions of W and H occur at order 1/F 4:

ΓWZW ⊃ N

96π2F 4

∫

M4

H†(DH)H†FW (DH) + (DH†)H (DH†)FWH . (27)

This operator can in principle lead to processes such as: e+e− → (γ∗, Z∗) → h0 +(Z, γ) and

will generalize in other schemes [13].

Additional quantized, topological, interactions will occur when the mesons couple to

gauge fields for broken symmetry generators. This happens in Little Higgs models, where

anomaly cancellation occurs between different sectors that are connected only by weak gauge

interactions. Before discussing this phenomenon in more detail, we describe in the next

section an alternative, and more direct approach to the WZW term for SU(3)/SU(2).

Finally, let us remark that the construction here based on SU(3)L × SU(3)R/SU(3)

relied on being able to gauge the SU(2) subgroup of SU(3)R and remove the unwanted pion

degrees of freedom. [26] In the more general case of SU(n)/SU(n − 1) based on SU(n) ×
SU(n)/SU(n), the unbroken subgroup is anomalous, and so cannot be gauged without

adding more structure. [27] For example, if the anomaly of colored fermions is cancelled by

massless right-handed leptons,

∆Llepton = ℓ̄R(i∂/ + A/ R)ℓR , (28)

then AR in eq.(15) is modified to

Aa
Rµ → Aa

Rµ − 1

F 2
ℓ̄Rt

aγµℓR . (29)

Substituting this new locking condition for AR as a function of AL and U into eq.(19) and

setting AL = 0 yields an ungauged action involving the leptons and the remaining mesons.

The corresponding gauged action can then be constructed by “brute-force” gauging, as

described after eq.(9).

B. Gauging the Five Sphere

A more direct method for obtaining the WZW term for KS models is to notice that when

the meson fields are described by a vector Φ = (φ1, φ2, φ3)T with

Φ†Φ = (Reφ1)2 + (Imφ1)2 + (Reφ2)2 + (Imφ2)2 + (Reφ3)2 + (Imφ3)2 = 1 , (30)
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the field lives on a manifold with very simple global topological structure, the five-

dimensional sphere, S5. The relevant topological facts are that π4(S
5) = 0, guaranteeing

that the construction of a WZW term is possible, and π5(S
5) = Z, guaranteeing that the

result is nontrivial. There is a unique five-form on the five-sphere that is invariant under

global SU(3) × U(1) rotations, namely the volume element of the sphere,

ω = − i

8
Φ†dΦdΦ†dΦdΦ†dΦ . (31)

In analogy with the construction of Γ0(U) in eq.(8), we consider the topological action

Γ0 =
N

π2

∫

M5

ω . (32)

Since any five-form on a five-dimensional manifold is closed, dω = 0, this action can be

written as an expansion in Goldstone bosons in D = 4. Using that the area of the five-

sphere is π3, the coefficient satisfies the quantization condition displayed in eq.(32), with N

an even integer.

Gauging the topological action is more tedious than in the familiar SU(N) ×
SU(N)/SU(N) case. At a practical level, the gauging begins by noticing that the vari-

ation of the ungauged action yields

δΓ0 =
N

8π2

∫

M4

(

Φ†dǫdΦ + dΦ†dǫΦ − dǫ0Φ
†dΦ

)

dΦ†dΦ , (33)

where ǫ and ǫ0 are the SU(3) and U(1) components in the variation of Φ, respectively:

Φ → ei(ǫ+ǫ0)Φ . (34)

Eq.(33) has made use of the fact that for fields confined to the five-sphere, [28]

d(Φ†λaΦ)(dΦ†dΦ)2 = 0 ,
[

Φ†λaΦdΦ†dΦ − 2d(Φ†λaΦ)Φ†dΦ + 2dΦ†λadΦ
]

dΦ†dΦ = 0 .
(35)

The variation eq.(33) is compensated by the term with one gauge field,

Γ1 =
N

8π2

∫

M4

(

A0Φ
†dΦ − Φ†AdΦ − dΦ†AΦ

)

dΦ†dΦ . (36)

The residual shift is cancelled by a term with two gauge fields, and so on. Explicit expressions

for the full gauged action will be presented elsewhere [13]. Important aspects of the analysis

are the non-uniqueness of the gauged WZW term, and a restrictive interpretation in terms

of underlying fermions, which we turn to presently.
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The complete result for the gauged WZW term leads to an anomalous gauge variation:

δΓWZW = − N

24π2

∫

M4

Tr

{

(

ǫ− ǫ0
2

)

[

(

dA− 1

2
dA0

)2

− i

2
d

(

A− 1

2
A0

)3
]}

+
27

8
ǫ0(dA0)

2 .

(37)

Although the construction has made no mention of fermions, if interpreted in terms of an

underlying fermion theory, this variation corresponds precisely to a triplet of left-handed

fermions and a single right-handed fermion, transforming under ǫ ∈ SU(3) and ǫ0 ∈ U(1) as

ΨL → eiǫ− i

2
ǫ0ΨL , qR → e−

3i

2
ǫ0qR . (38)

Note that this is precisely the combination of U(1) transformations that is not broken by

color anomalies. The quantized coefficient corresponds to an even number of colors N = Nc

in the color group.

As mentioned above, the unbroken SU(2) × U(1) subgroup is anomaly free, and can

be identified with the electroweak gauge group of the standard model. [29] The symmetry

breaking corresponds to a nonzero VEV 〈ΨLq̄R〉 ∼ (0, 0, F 3)T . For simplicity, we ignore the

U(1) factor in the remainder of this section, and use the choice of coordinates of eq.(13).

The leading WZW interactions are identical to eq.(25). There are again operators that are

invariant under local SU(3) × U(1) transformations. Suppressing U(1)Y ,

ΓGI =

∫

M4

cΦ†(dA− iA2)2Φ + . . . , (39)

where c is a number sensitive to the UV completion theory, and the ellipsis denotes ad-

ditional terms such as [Φ†(dA − iA2)Φ]2 relevant at O(1/F 4). When viewed as deriving

from an SU(3)L × SU(3)R/SU(3) theory, parity arguments can be invoked to single out a

unique choice of these gauge-invariant operators [8], e.g. r = 0 in eq.(26), leading to par-

ticular values of the coefficients in eq.(39). Sensitivity to the global structure of the field

space of NGB’s, equivalently, sensitivity to the UV completion theory, is reflected in the

undetermined coefficients in eqs.(26) and (39).

It is interesting to investigate further what novel features of SU(3)/SU(2) allow an

underlying fermion theory to produce a low-energy theory containing just scalar NGB’s

and gauge fields, and in particular why a similar construction is not possible for general

SU(n)/SU(n − 1). At the meson level, the nonlinear realization construction required an

anomaly-free gauging of AR to “eat and decouple” the extra pions; this singled out SU(2)
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as the unbroken symmetry group (with an even number of colors in the strong color group).

The direct construction required the form ω in eq.(31) to be closed, dω = 0, which is true

for S5, but not for general S2n−1 (notice that π5(S
5) = Z, but π5(S

2n−1) = 0 for n > 3). At

the fermion level, we expect in general that the condensate 〈ΨLq̄R〉 ∼ (0, 0, . . . , 0, F 3)T will

leave n − 1 massless fermions ψi
L, i = 1 . . . (n − 1), in the low-energy spectrum. For n > 3,

these fermions enable the low-energy theory to reproduce the full nonabelian anomaly of the

underlying UV theory. For the special case of n = 3, such fermions are not mandated by

anomaly matching. For example, when Nc = 2, we observe that it is possible to write the

operator

ǫijkǫ
abǫαβψi

aαψ
j
bβ ǫ

cdǫγδψk
cγqdδ + h.c. , (40)

where i, j, · · · = 1..3 are flavor indices, a, b, · · · = 1..2 are color indices, and α, β, · · · = 1..2

are Lorentz indices in the (1/2, 0) representation of the Lorentz group. The operator eq.(40)

is invariant under Lorentz and color SU(Nc = 2) transformations, and also under the flavor

SU(3)×U(1) transformation in eq.(38). When ΨLq̄R develops a VEV, the operator becomes

a (Majorana) mass term for the remaining ψi
L fermions, removing these degrees of freedom

from the low-energy spectrum.

IV. LITTLE HIGGS MODELS

Having constructed the full WZW term, we consider applications to realistic Higgs mod-

els. As mentioned in the introduction, the SU(3)/SU(2) symmetry breaking pattern can be

applied to a number of scenarios; we focus on the KS model here, concentrating attention

on predictions that are independent of the undetermined coefficients in eqs.(26) and (39).

We recall that this model in its simplest form consists of two Φi fields, with aligned vacuum

expectation values. The gauge fields, suppressing U(1) factors, take the form

A =





W C

C† 0



 . (41)

Concentrating on interactions involving H , (neglecting η), the kinetic terms are

F 2|DµΦi|2 = |DµHi|2 − FC†µDµHi − F (DµH
†
i )Cµ + F 2C†µCµ + . . . . . . , (42)

where i = 1, 2 and DµH = (∂µ − iWµ)H . Besides the usual kinetic term for H , this

expression contains an F -scale mass for C. The NGB’s from the symmetry breaking at scale
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F are eaten by the C bosons, and the physical Higgs fields appear as, H1 = H , H2 = −H
(similarly, η1 = η, η2 = −η). Terms containing an odd number of meson fields thus cancel

in the sum,

LK = (F 2/2)|DµΦ1|2 + (F 2/2)|DµΦ2|2 = |DµH|2 + F 2C†µCµ + . . . . (43)

The same cancellation will occur with the subleading even-parity “Gasser-Leutwyler” opera-

tors [18] (operators not containing an epsilon symbol ǫµνρσ) if the strong-interaction physics

is the same in both sectors. In order that anomalies cancel between the Φ1 and Φ2 sectors (at

the fermion level, Φ1 ∼ ΨLq̄R, Φ2 ∼ ΨRq̄L), the opposite cancellation must occur with odd

parity operators such as the WZW term (operators containing an epsilon symbol)—surviving

interactions involve an odd number of meson fields. Thus for example, the interaction eq.(25)

involving η will survive (with a factor of 2 from the sum of the two sectors). The leading

terms involving H also occur at order 1/F , and can be obtained either from the nonlinear

realization approach, or from the direct gauging of S5:

ΓWZW ⊃ N

16π2F

∫

M4

[

(DH†)FWC − C†FWDH
]

. (44)

This expression is for one sector (a factor of two will appear in the sum of the two sectors).

It is manifestly gauge-invariant under electroweak SU(2). The SU(3)-invariant odd-parity

Gasser-Leutwyler operators in eqs.(26) or (39) contribute only to the orthogonal combi-

nation, eq.(44) with the relative minus sign replaced by a plus sign. The new interaction

eq.(44) would contribute to the process e+e− → Z∗ → h0C0 (note that this is the analog in

QCD of the process e+e− → ρ→ KK∗).

V. WZW TERM FOR MODELS WITH AN INTERNAL PARITY

The Lagrangian eq.(19) can be used to describe general symmetry breaking patterns, via

reduction to nonlinearly realized symmetries acting on submanifolds of a larger space. For

example, we obtained the WZW term for SU(3)/SU(2) by embedding the NGB’s inside

a full SU(3) × SU(3)/SU(3) multiplet. A further simplification occurs for general models

in which the symmetry breaking pattern respects an internal parity operation, and eq.(19)

applies also to these cases. The SU(N)L × SU(N)R/SU(N) QCD chiral Lagrangian is one

example. Another example is the class of Little Higgs models containing an internal parity.

We examine here the structure of the WZW term for this case.
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We recall that by suitable choice of coordinates, the action of an element of the full

symmetry group can be defined to act, at least locally, on the Nambu Goldstone bosons

as [17]

eiπ → eiπ′

= eiǫeiπe−iǫ′(ǫ,π) . (45)

Here π =
∑

a π
ataA parameterizes the spontaneously broken “axial” symmetry generators,

and ǫ′ =
∑

a ǫ
′ataV is the combination of unbroken “vector” symmetry generators which

ensures that eiǫeiπe−iǫ′ can be expressed as eiπ′

for some π′. Now suppose that the transfor-

mation:

taV → R(taV ) = taV , taA → R(taA) = −taA (46)

preserves the group structure, i.e. [tV , tV ] ∼ tV , [tA, tA] ∼ tV and [tA, tV ] ∼ tA. Then by

multiplying eq.(45) on the right by the result obtained after acting with R and taking the

inverse, the quantity Σ ≡ e2iπ is seen to obey the linear transformation law

Σ → eiǫ Σ e−iR(ǫ) . (47)

In a more familiar notation, we may write ǫ ≡ ǫV − ǫA and ǫV ≡ ǫaV t
a
V , ǫA ≡ ǫaAt

a
A. Then

Σ → eiǫLΣe−iǫR , (48)

where ǫL,R ≡ ǫV ∓ ǫA. This generalizes eq.(4) to the case where the elements of Σ do not

span a full group manifold.

The choice of variables eq.(48) allows us to immediately write down the topological in-

teractions in the form of a WZW term for models with an internal parity operation. The

chiral current is defined as α = dΣ Σ†, and obeys dα = α2. The result is simply eq.(7) with

U → Σ. The anomalous gauge variation of the resulting WZW action is

δΓWZW = − N

24π2

∫

M4

Tr

{

(ǫV − ǫA)

[

(dAV − dAA)2 − i

2
d(AV − AA)3

]

− (ǫV + ǫA)

[

(dAV + dAA)2 − i

2
d(AV + AA)3

]}

. (49)

As an example, we consider the interactions arising when the Higgs is identified with

a Nambu Goldstone boson of the symmetry breaking SU(5) → SO(5). This pattern of

symmetry breaking has been incorporated into a Little Higgs model by Arkani-Hamed,

Cohen, Katz and Nelson [15]. Let Φ be a two-index symmetric tensor representation of
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SU(5), developing the VEV

〈Φ〉 ≡ Ω =





















1

1

1

1

1





















. (50)

The fourteen NGB’s corresponding to broken symmetry generators are

π = πataA =











χT + 1
2
η H∗ φ†

HT −2η H†

φ H χ+ 1
2
η











, (51)

where χ is a Hermitian, traceless 2 × 2 matrix, η is a real singlet, H is a complex doublet

and φ is a symmetric 2 × 2 matrix. The ten unbroken symmetry generators correspond to

A = AataV =











−W T − g1

2
B C Dσ2

C† 0 −CT

D∗σ2 −C∗ W + g1

2
B











, (52)

where W =
∑3

a=1 gW
aσa/2 is a Hermitian, traceless 2× 2 matrix, B is a real singlet, C is a

complex doublet, and D is a complex singlet. The model gauges two SU(2) × U(1) groups,

one corresponding to the standard model W and B in eq.(52), and another corresponding

to heavy partners W ′ and B′ that will eat χ and η in eq.(51). This implements the notion

of “collective symmetry breaking” to stabilize the Higgs mass.

The WZW term can be evaluated straightforwardly. Its existence is related to the non-

trivial homotopy group π5(SU(5)/O(5)) = Z. Since the full WZW term is odd under the

internal parity, and invariant under weak isospin, interactions involving only standard model

fields W , B, H are forbidden (the parity operation takes W,B → +W,B and H → −H).

Interactions do occur involving heavy partners W ′, B′ of the standard model gauge bosons,

or the Goldstone boson field φ. For example, interactions involving the heavy hypercharge

field B′ are

ΓWZW ⊃ N

4π2F 2

∫

M4

(v+h0)2B′
[

g2(W+dW−+W−dW+ +W 3dW 3)−gg1(W
3dB+BdW 3)

+ g2
1BdB − ig2W+W−(3gW 3 − g1B)

]

. (53)
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Here B′ is written in unitary gauge, having eaten the η meson. [30] Similarly, W and B are

written in unitary gauge, having eaten the Goldstone bosons inside of H . In this gauge we

write H ∼ (0, v + h0)T/
√

2. This WZW term describes “T parity”-violating interactions,

e.g. decays of the single “T-odd” field B′ into standard model fields.

From eq.(49), it is straightforward to see that the anomalous gauge variation of the WZW

action is precisely that of a fermion theory with 2N left-handed fermions transforming in

the fundamental representation of SU(5): [31]

ΨL → ei(ǫV +ǫA)ΨL . (54)

In a composite theory of underlying fermions, the symmetry breaking corresponds to a VEV

for the operator

ǫαβψai
α ψ

aj
β ∼ F 3Ωij , (55)

where i, j = 1..5 are flavor indices, Ω is a symmetric matrix as in (50), a = 1..2N is

a summed color index, and α, β = 1..2 are Lorentz indices. Such a scheme is possible

for fermions transforming in a real representation of the color group—e.g., in the adjoint

representation of SU(Nc) for an odd number of colors, 2N = N2
c − 1, or in the fundamental

representation of SO(Nc) for an even number of colors, 2N = Nc.

VI. SUMMARY

We have summarized the first steps toward the theory of topological interactions of Higgs

bosons. Such interactions are present when these fields occur as composite pNGB’s, or more

generally in theories of extra dimensions.

While the analysis involves novel constructions based on topological features of the NGB

field manifold, we emphasize that in the spirit of effective field theory, it is simply a mistake

to omit such interactions. As in the familiar case of the QCD chiral Lagrangian, the WZW

term is a remnant of underlying UV physics, and modifies the predictions of the low-energy

theory. For the case of technicolor, we found the interactions eq.(12) amongst the pNGB’s

and gauge bosons. For cases of interest to Little Higgs theories, we derived the gauged

WZW term by two methods, via nonlinear realization of the symmetry group on a restricted

submanifold, or via a direct construction beginning with a topological action. Application

to specific models give predictions such as eqs.(25) and (44), which are analogs of π0 → γγ.
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These interactions directly probe the structure of the underlying fermion UV completion

theory, e.g., allowing one to count the number of colors in an underlying strong gauge

group.

We also pointed out the simple structure of the gauged WZW term for symmetry-breaking

patterns that respect an internal parity. This includes the case of the QCD chiral Lagrangian,

and the case of Little Higgs models with T parity. If such models arise from composite

fermions, we see that T parity cannot be an exact symmetry. As an example, eq.(53) is

an interaction between the single “T odd” partner of the hypercharge gauge boson and “T

even” standard model particles.

Much work remains in order to explore the phenomenological implications of WZW in-

teractions for Little Higgs bosons, and to identify the most promising signatures at future

colliders such as the LHC, ILC, and even beyond to CLIC or a muon collider.
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